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Throughout, Ω is an open subset of Rd.

1. A function f : Ω −→ R is said to be homogeneous of degree e (where
e is a positive integer) if

f(t x) = te f(x) for all t ∈ R, x ∈ Ω, t x ∈ Ω.

If such a function is in C1(Ω) then show that it satisfies Euler’s identity:

d∑
i=1

xi(δif)(x) = e f(x), x ε Ω. [20]

(Hint: Differentiate the identity defining homogeneity with respect to
t.)

2. Use the change of variable formula to find the value of
∞∫
−∞

e−x2
dx. [20]

(Hint: Use polar co-ordinates to compute the square of this integral.)

3. Find the Lebesgue measure of the unit ball (with respect to the Eu-
clidean norm) in Rd. For what value of d it is maximized? [20]

4. If λd is the Lebesgue measure on Rd, Q an open hypercube in Rd and
φ : Q −→ Ω is a diffeomorphism onto Ω show that

λd(Ω) ≤
∫

Q

| det φ′(x) | d λd(x).

[20]

5. Use Lagrange’s method of multipliers to compute the maximum of
(x1 · · · xd)

2 subject to the constraint x2
1 + · · · + x2

d = 1. Use the re-
sult to deduce that

(a1 · · · ad)
1/d ≤ a1+···+ad

d
for non-negative real numbers a1, · · · , ad. [20]


